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Abstract. We investigate Hochschild cohomology and homology of admissible subcategories of derived 
categories of coherent sheaves on smooth projective varieties. We show that the Hochschild cohomology 
of an admissible subcategory is isomorphic to the derived endomorphisms of the kernel giving the cor- 
^\ ■ responding projection functor, and the Hochschild homology is isomorphic to derived morphisms from 

' this kernel to its convolution with the kernel of the Serre functor. We investigate some basic properties 

of Hochschild homology and cohomology of admissible subcategories. In particular, we check that the 
Hochschild homology is additive with respect to semiorthogonal decompositions and construct some long 
exact sequences relating the Hochschild cohomology of a category and its semiorthogonal components. 
We also compute Hochschild homology and cohomology of some interesting admissible subcategories, in 
particular of the nontrivial components of derived categories of some Fano threefolds and of the nontrivial 
' components of the derived categories of conic bundles. 

(N ■ 

<^ , 1. Introduction 

' Cyclic homology and cohomology of schemes was defined by Loday |L], Weibel [Wj and Swan [S]. In 
<^ ■ the case of a smooth projective variety they coincide with the Hochschild homology and cohomology and 
enjoy many pleasant properties which were investigated by Markarian in |MaH IMa2| . By definition 

. where the tensor product is considered in the derived sense, and H* stands for the hypercohomology. 
ff^ Also it is very easy to show that HH*(X) = Homxxx{A*^x, 'A*^x[d^^X]). 

I Thus defined, Hochschild homology and cohomology provide an important connection between algebra 

■ and geometry. On one hand, they generalize the notion of Hochschild (co)homology of algebras. On the 

• other hand, as it was shown in loc. cit. HH,(X) is isomorphic to the Hodge cohomology of X (with a 
0^ . shifted grading) and HH*(X) is isomorphic to the cohomology of polyvector fields on X. At the same 
^P. I time it is well known that any equivalence 'D^(X) = D^(y) induces isomorphisms HH*(A) = HH*(y) 
and HH,(A) = HH,(y) (see [02| ). Thus the Hochschilid cohomology and homology are invariants of the 
^ • derived category of coherent sheaves (the natural categorical interpretation of the Hochschild cohomology 

■ is just (a derived version of) the space of endomorphism of the identity functor of P*(A), while for the 
Hochschild homology it is the space of self- Tor's of the identity functor of 'D^{X), or alternatively, the 
space of maps from the identity functor of 'D^{X) to its Serre functor). 

On the other hand, the Hochschild homology and cohomology is defined for any differential graded cat- 
egory (see e.g. |Ke2l [Kell IKe5) ) and hence for any triangulated category which admits a DG-enhancement. 
It is also well known that these two definitions agree (for homology it was shown by Keller in [Ke3| and 
for the cohomology it follows easily from the results of Toen [T]). 

The goal of the present paper is an investigation of Hochschild homology and cohomology of a certain 
class of triangulated categories which is very important for the algebraic geometry — admissible subcat- 
egories of derived categories of coherent sheaves. These categories arise as components of semiorthogonal 
decompositions. 



I was partially supported by RFFI grants 08-01-00297, 07-01-00051, and 07-01-92211, INTAS 05-1000008-8118, and the 
Russian Science Support Foundation. 
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The notions of an admissible subcategory and of a semiorthogonal decomposition were introduced by 
Bondal and Kapranov in [BKlj . Roughly speaking, a pair of strictly full triangulated subcategories A, 
B of a triangulated category T gives a semiorthogonal decomposition if h\om(B, A) = and each object 
T of T can be included in a distinguished triangle of the form B ^ T ^ A with A A, B £ B. We 
write T = {A, B) to indicate such a semiorthogonal decomposition. In this case A is left admissible and 
B is right admissible. There is a similar notion of a semiorthogonal decomposition with more than two 
components, T = (^i, . . . ,.A„,), see Section [2] for details. 

To define the Hochschild homology and cohomology of an admissible subcategory A C T>^{X) we use a 
natural DG-enhancement of these categories. We choose a generator £ for 'D^{X) and take its component 
in A. Then it is easy to see that Eji^ is a generator of A and A is equivalent to the category of perfect 
complexes over the DG-algebra C* = RHom*(£'^, iS_4). Thus, the Hochschild homology and cohomology 
of A are defined as those of C* . 

Our first result is a DG-algebra-free interpretation of Hochschild homology and cohomology in the 
spirit of the Swan-Weibel definition for schemes. For this we use the results of [K4], where it is proved 
that the projection functor ^^{X) ^ ^ is representable by a kernel P G T>^{X x X). We show that 

HH'(^) ^ Hom3fx^(P,P), HH,(^) ^ H*(X x X,P(g)P^) ^ Hom*(P, P ® p^wx[dimX]), 

where P"*" is the transposed projection kernel (the pullback of P under the transposition of factors map 
X X X ^ X X X). 

Being motivated by these formulas we define the generalized Hochschild cohomology of X with support 
inT £ 'D^{X X X) and coefficients in E £ V^iX x X) as 

HH*t{X,E) = Hom'(^,^oT), 

where E oT \s the convolution of E and T considered as kernels. In the particular case of T = A^Ox, 
E = P they give the Hochschild cohomology of A, and in the case T = A=Ku;x[dimX], E = P they 
give the Hochschild homology of A. We investigate some general properties of generalized Hochschild 
cohomology, especially their functoriality and behavior with respect to changing the coefficients and 
supports. In particular, we show that any kernel functor '■ 'D^iX) — > D^(y) induces a map on 
generalized Hochschild cohomology if the kernel K satisfies some compatibility conditions. 

Further, we go back to the Hochshild homology and cohomology of admissible subcategories. As it fol- 
lows easily from the definition any equivalence A = B of admissible subcategories A C 'D^{X), B C ^^{Y) 
should give an isomorphism of their Hochschild (co) homology (certainly, for this the equivalence should 
be compatible with DG-enhancements). However, it is not so easy to construct an explicit isomorphism. 
We use the formalism and functoriality of generalized Hochschild homology to give explicit isomorphisms. 

We also address a question of the relation between the Hochschild (co)homology of a scheme X and 
those of semiorthogonal components of 'D''{X). In case of homology, using the DG-approach it is easy to 
argue that whenever T)^{X) = {Ai, . . . , An), there is an isomorphism 

n 

HH.(X) ^0HH.(A). 

1=1 

We show that in this case we have a direct sum decomposition in the most rigid sense — for each 
admissible subcategory A C T)^{X) its Hochschild homology can be identified with a canonical vector 
subspace HH,(.A) C HH,(X) and for a semiorthogonal decomposition the Hochschild homology of X 
decomposes into the direct sum of the corresponding subspaces. 

The situation with the Hochschild cohomology is much more complicated. In this case we don't have 
any additivity. Instead, we argue that if ^ = (^1,^2) is a 2-term semiorthogonal decomposition then 
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there is a long exact sequence 

> m\A) ^ HH^(^i) e HH^(^2) ^ Ext*((/>, (/.) ^ HH'+\A) ^ . . . , 

where (p : Ai ^ A2 is the gluing functor. 

Finally, we compute the Hochschild homology and cohomology of some interesting admissible sub- 
categories, such as (Ox)"*" C 'D^{X), if Ox is an exceptional bundle (e.g. if X is a Fano variety), 
{E, Ox)^ C V\X), if (E, Ox) is an exceptional pair, and {f*V^{Y))^ C V\X), if / : X ^ F is a conic 
bundle. 

We conclude the paper with a short discussion of a Nonvanishing Conjecture for Hochschild homology. 

The paper is organized as follows. In Section [2] we introduce the technical notions used in the paper, 
such as Hochschild homology and cohomology of algebraic varieties, semiorthogonal decompositions and 
mutations. In Section [3] we remind some standard results on the calculus of kernels, sketch the results 
of |K4] on representability of the projection functors and investigate the relations between the projection 
kernels for a semiorthogonal decomposition, which are essential for the further treatment. In Section H] 
we construct a DG-enhancement for any admissible subcategory A C ^^{X), define the Hochschild 
homology and cohomology of A, and compute it in terms of the kernel of the corresponding projection 
functor. In Section [5] we define the generalized Hochschild cohomology and investigate its properties 
with respect to change of supports and coefficients. In Section [6] we investigate the action of kernel 
functors on generalized Hochschild cohomology. In Section [7] we construct explicit isomorphisms between 
Hochschild homology and cohomology of equivalent admissible subcategories and establish the additivity 
of Hochschild homology and long exact sequences for the Hochschild cohomology of an admissible category 
and of its semiorthogonal components. In Section[8]we compute the Hochschild homology and cohomology 
of some interesting admissible subcategories. Finally, in Section [9] we discuss the nonvanishing conjecture 
for Hochschild homology. 

Acknowledgements: I thank A.Bondal, D.Kaledin, and D.Orlov for many useful discussions. I am 
very grateful to N.Markarian for careful reading of the draft version of this paper and helpful comments. 

2. Preliminaries 

2.1. Notations. The base field k is assumed to be of zero characteristic. 

Given an algebraic variety X we denote by D^i^X) the bounded derived category of coherent sheaves 
on X. Given a morphism f : X ^ Y we denote by /# and /* the total derived pushforward and the 
total derived pullback functors. The twisted pullback functor is denoted by /' (it is right adjoint to if 
/ is proper). Similarly, (8) stands for the derived tensor product, and RHom, RTiom stand for the global 
and local RHom functors. For an object F G 'D^{X) we put F'^ := RTCom{F, Ox)- We denote by ujx the 
canonical line bundle of X. 

For a functor $ between triangulated categories we denote by <&* and <!>' the left and the right adjoint 
functors to $ (when they exist). 

Given an algebraic variety X we denote by A : X — > X x X the diagonal embedding. We also denote 

= A,wx[dimX], 5*^^ = A,l<j^^[- dimX] G ^^(X x X) 

For a subcategory ^ of a triangulated category T we denote by A'^ and -^A the right and the left 
orthogonal to A defined by 

A^ = {T eT \ yAe A Hom(^[i],T) =0}, ^A = {T eT \ yAe A Hom{T,A[i]) = 0}. 

These are triangulated subcategories of T closed under taking direct summands. 
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2.2. Hochschild cohomology of algebraic varieties. Let X be a smooth projective variety. The 
Hochschild cohomology and homology of X are defined by 

(1) HH'(X) = Hom3f^^(A,Ox,A*Ox), HH.(X) = H'(X x X, A,Ox » A,Ox) 
(see [Sj IW[ IL] ) . For our purposes another definition of Hochschild homology is more convenient. 
Lemma 2.1. There is a canonical isomorphism H*(X x X, A*Ox A^Ox) — ^oir)xxxi^*^x,Sx)- 
Proof. We have 

H'(X X X, A,Ox A,Ox) = Hom'x^xiOxxX, A,Ox A,Ox) = Hom^^ ^^((A.Ox)'', A,Ox). 
On the other hand, by Grothedieck duality we have 

(A.Ox)'' = Rnom{A,Ox,Oxxx) = A, Rnom{Ox, A-{Oxxx)) = A,u;^i[- dimX], 
so we conclude that 

HH.(X) ^ Hom'xxx{A,{Lo^'[-dimX]),A,Ox) = Hom'x^xiA^Ox, Sx), 
the last isomorphism is obtained by tensoring with ujx [dim X] . □ 
So, we will use this as a definition of Hochschild homology 

(2) HH.(X) = Hom'x^xiA.Ox, Sx)- 

Remark 2.2. Li addition to the canonical isomorphism of Lemma 12.11 there is also a canonical dual- 
ity between the spaces H'{X x X,A^,Ox ^ A^Ox) and HomxxxiA*Ox, Sx)- So, usually the space 
Homxy^xiA*Ox , Sx) is considered as the dual to the Hochschild homology of X. However, we prefer to 
use the identification of Lemma 12.11 and consider it as the Hochschild homology of X itself. 

2.3. Semiorthogonal decompositions and projection functors. 

Definition 2.3 ( |BKH [BUll IBU2] ). A semiorthogonal decomposition of a triangulated category T is a 
sequence of full triangulated subcateg ories , . . . , i^^ ^ such that d foi" i ^ j and for every 
object T d T there exists a chain of morphisms = Tm 7m- 1 ^ • • • — > Ti ^ Tq = T such that the 
cone of the morphism T^, is contained in Ak for each k = 1,2, . . . ,m. In other words, there exists 

a diagram 

= Tm *- Tm-i ^ • • • ^ T2 ^ Ti *- To = T 




where all triangles are distinguished (dashed arrows have degree 1) and Ak G Ak- 

Thus, every object T d T admits a decreasing "filtration" with factors in ^1, . . . , Am respectively. 
The following properties of semiorthogonal decompositions are well-known. 

Lemma 2.4. If T ={Ai,---,A m) is a semiorthogonal decomposition and T € 7" then the diagram ([3j) 
for T is unique and functorial [for any morphism T ^ T' there exists a unique collection of morphisms 
Ti T-, Ai A'^ combining into a morphism of diagram ^ for T into diagram ([3]) for T'). 

Proof. Note that Ti € (^2, • • • , -4.m) by ([3]). It follows from the semiorthogonality property that 
Hom(Ti, ^'^[A;]) = for all € Z. Therefore any map Tq = T ^ T' = Tq extends in a unique way 
to a map of the triangle Ti ^ Tq ^ Ai into the triangle T{ ^ Tg ^ A'^. In particular, we obtain a map 
Ti Tl and proceed by induction. □ 
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We denote by : T — > T the functor T i— > Ak and by Tj : T — > T the functor T ^ Ti. We call ak the 
A;-th projection functor and the /c-th truncation functor of the semiorthogonal decomposition. 

Definition 2.5 ([ BKlj lB]). A full triangulated subcategory of a triangulated category T is called right 
admissible if for the inclusion functor i : A ^ T there is a right adjoint v : T ^ A, and left admissible if 
there is a left adjoint i* : T ^ A. Subcategory A is called admissible if it is both right and left admissible. 

Lemma 2.6 ([B]). If T = (^A,B'^ is a semiorthogonal decomposition then A is left admissible and B 
is right admissible. Conversely, if A C T is left admissible then T = (^A, '^A) is a semiorthogonal 
decomposition, and if B C T is right admissible then T = (B^,B^ is a semiorthogonal decomposition. 

Lemma 2.7 ([BKlj). IfV^{X) = {Ai,...,A ra) is a semiorthogonal decomposition and X. is smooth and 
projective then all subcategories Ai C 'D^{X) are admissible. 

If ^ C T is an admissible subcategory, the projection functor onto A with respect to the semiorthogonal 
decomposition T = {A-^,A) (resp. T = (^A,^A)) is called the right (resp. the left) projection functor 
onto A. 

Let X be an algebraic variety over a smooth base scheme S, f : X ^ S being the structure morphism. 
A triangulated subcategory A C T>'^{X) is called S'-linear if for any objects F € A, G ^ V^{S) we have 
F (S> f*G & A. A semiorthogonal decomposition 'D^{X) = {Ai, . . . ,Am) is S'-linear if all its components 
Ai are 5-linear. 

Lemma 2.8 ([Kl]). If A is a left {resp. right) admissible S-linear subcategory in T>^{X) then the 
subcategory -^A {resp. A'^) is also S-linear. 

2.4. Mutations. Given a semiorthogonal decomposition of the derived category of a smooth projective 
variety one can produce many other decompositions. Actually, there is an action of the braid group on n 
strands on the set of all n-term semiorthogonal decompositions. The action is given by mutations. Here 
we remind the necessary constructions. 

Let T = {Ai, . . . ,Am) be a semiorthogonal decomposition with all Ai being admissible (the last 
condition holds automatically if T = 'D^{X) for X being smooth and projective). Define 



U{A,) 



Aj, ifj^i-l,i, 

Ai, ifj = i-l, 

^{Ai,...,Ai^2,Ai) n {Ai+i,...,Am)^, if j = i, 

Aj, ifj/i,z + l, 

^{Ai,...,Ai^i) n {Ai,Ai+2,...,Am)^, if j = i, 

Ai, ifj = i + l. 



Theorem 2.9 ( |BK1| ). IfT = {Ai, . . . ,Am) is a semiorthogonal decomposition with all Ai being admis- 
sible then for each i > 2 there is a semiorthogonal decomposition T = (Mj(^,)i, . . . ,M.i{A»)m) o,nd for 
each i <m — l there is a semiorthogonal decomposition T = (Lj(^,)i, . . . ,l^i{A,)m) ■ Moreover, the braid 
group relations are satisfied: MjMj+iMj = ]Rj4_iMjRj_|-i and LjLj_iLj = Lj_iLjLj_i for each 2 < i < m — 1. 

The operations Mj and Lj are known as the right and left mutations respectively. 
Actually, the components of the decomposition obtained by any mutation don't change. 

Theorem 2.10 ( |BKlj ). Let Rj be the right projection functor onto the subcategory -^Ai and Lj be the 
left projection functor onto Af . Then Rj and Lj induce equivalences 

R-j : Ai-i Mj(^,)i, Lj : ^j+i Lj(^,)j. 
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Moreover, for any object T G Ai-i there is a distinguished triangle Rj(T) ^ T — > aa*{T), and for any 
T € Ai-\-i there is a distinguished triangle aa'{T) ^ T ^ Lj(T), where a : Ai ^ T is the embedding 
functor. 

Consider the following sequence of mutations 

m 

B = JJ(Mm • • • Mfc+iMfc) = (Rrn ■ ■ ■ ^2)0^m ■ ■ ■ ^3){^m^m-l)^m- 
k=2 

It is easy to see that it takes a semiorthogonal decomposition T = (^i, . . . ,Am) to the decomposition 
T = {Bm, ■ ■ ■ where 

(4) Bi . — {Al ) • • • J Ai^l, AiJf-l 5 • • • J Am) J 

and it follows from Theorem 12.101 that the functor Dj = RmR-m-i • • • R-i+i gives an equivalence Ai Bi. 
Lemma 2.11. For any T G A we have Hom'(Di(T), T) ^ Hom'(r,T). 
Proof. By Theorem 12.101 we have a distinguished triangle 

Bi{T)^T^T', 

where T' G (A+i, • • • ,Am)- We have Hom*(T',T) = by semiorthogonality, hence we have an isomor- 
phism Hom'(Di(r),r) ^ Hom'(r,r). □ 

The semiorthogonal decomposition T = {Bm, ■ ■ ■ , Bi) is known as the dual for T = {Ai, . . . , Am)- 

Lemma 2.12 ([BKT]). We have D o = hm+i-i o D, B o = Rm+i-i ° ^■ 

It follows in particular that is the central element in the braid group. Actually, it is well known 
that acts as the inverse of the Serre functor. 

3. The calculus of kernels 

3.1. Kernel functors. Most part of the material of this section is standard. Some of the statements we 
remind for the convenience of the reader, some we make a little bit more precise than one can find in the 
literature. 

In this section whenever we consider an algebraic variety X over a base scheme S we always assume 
that both X and S are smooth, and the structure map X — > is proper and flat (although the morphism 
X ^ S doesn't need to be smooth). 

For any collection of algebraic varieties Xi , . . . , Xn over the same base scheme 5 and any subset 
/ = {ii, ...,im} C {1, . . . ,n} we denote by pi the projection Xi Xs ■ ■ ■ Xs Xn Xi^ • • • X5 Xi^. 
Similarly, for any pair of indexes i < j we denote by aij the transposition of the i-th and j-th factors 
Xi xs ■ ■ ■ xs Xi xs ■ ■ ■ xs Xj xs ■ ■ ■ xs Xn ^ Xi xs ■ ■ ■ xs Xj xs ■ ■ ■ xs Xi xs ■ ■ ■ xs Xn. 

For each object K G D''{Xi xs X2) we denote by the functor defined by 

<^k{F) =pu{K®pI{F)), 

which is called the kernel functor with kernel K. Note that since X2 is smooth every object F G 'D^{X2) 
is a perfect complex, so K (®P2{F) has bounded coherent cohomology, and since the map pi is proper we 
have $i^(F) G V^{Xi). So, is a functor V^{X2) V^{Xi). 

Note that A^Ox is the kernel of the identity functor of 'D^{X), and that 

Sx/s ■= A,(jjf/5.[dimX/S'] 
is the kernel giving the Serre functor of X over S (see [BKl] ) . 

6 



We always consider the kernel functors acting from right to left, i.e. from the derived category of the 
second factor to that of the first. If we need a functor in the opposite direction, we use explicitly the 
transposition morphism. We denote the transposed kernel by 

Thus we have 

(5) p2,{K®p\{F))^^K,{F) 

Given two kernels K G D^{X2 Xs X3) and L G D^{Xi xg X2) we denote hy L o K e D^{Xi Xs X3) 
their convolution. It is defined by 

so that ^LoK = o ^K- 

The convolution is associative — there exists a canonical functorial (in each argument) isomorphism 

aM,L,K : M o {L o K) ^ {M o L) o K, 

such that the pentahedron equality holds, 

{aN,M,L ° '>dK)aN,MoL,K{^dN o aM,L,K) = aN,M,LoKa'NoM,L,K ■ 

In some cases the convolution is easy to compute. We will need the following results 
Lemma 3.1. For any Ei G V^{Xi), E2 G V^{X2), K G V^{Xi Xs X2) we have 

{Ax,,Ei)oK ^pIEi^K, Ko{Ax2*E2) = K®p*2E2. 
Proof. Consider the product Xi xs Xi Xs X2. We have 

pi3*(K2(Axi*^i) ®P23^) = Pi^*{Kp\Ei ® pI^K) ^ pvi*K{p\Ei ® A*p*23K) ^ p\Ei ® A*p*23K, 

where A : Xi xg X2 Xi X5 Xi xg X2 is the product of the diagonal and the identity (the first 
isomorphism is the base change, the second is the projection formula, and the third uses equalities 
Pi3 o A = P23 o A = id). The second claim is proved analogously. □ 

Lemma 3.2. For any Ei G V^{Xi), E2 G V\X2), K G V^{X2 Xg X3) we have 

{p\Ei ®p*2E2) o K ^ plEi ®p*2^K^{E2). 

Proof. Indeed, 

Pn*{pl2{p\Ei®P*2E2) ®phK) = pMpUpIEi) ® phiP*iE2 ® K)) ^ 

pIEi Pi3,p*23{pIE2 (8) i^) = pIEi ®p*2P2*{p\E2 ®K)^ pIEi0P*2<^>j^t{E2) 

(the first isomorphism is evident, the second is the projection formula, the third is the base change, and 
the last is dS])). □ 

It is well known that every kernel functor between smooth projective varieties has a left and a right 
adjoint functors, which are kernel functors as well. Below we will need a more precise statement. 

Lemma 3.3. If K G T>^{Xi X5X2) and : T)^{X2) — > X'^(Xi) is the corresponding kernel functor then 
the adjoint functors of o.Te kernel functors as well. Explicitly, ^>|^ = o,nd <&)^ = ^^\, where 

K* = RHomiK'^ ,p*uJx,/s[(^^^Xi/S]), R- = Rnom{K^ ,p\lox^/s['^^^^2/ S]). 

Moreover, the adjunction maps idxj <5_ft-<I>|^ and '^k'^^'k ~^ ^^Xx o.re induced by some natural maps 
Xk ■ A^^Oxi ^ K o K* and px : K o k' ^ A^,Oxi respectively. 
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Proof. The formulas for the kernels of the adjoint functors are well-known (see e.g. [BOlj ). so we only 
have to construct the morphisms Xk and px- Let di = dimXi/S. Consider the following base change 
diagram 

Xi xs X2 Xi Xg X2 X5 Xi 



pi 



Pl3 



Xi ^ Xi X 5 Xi 

where A is the product of the diagonal on Xi with the identity on X2. Note that 

A'iK o K*) = A'-pnM2K0ph Rnom{K'',plu;x,/s[di])) = 

^ PuA'ipl^K^p*^^ Rnom{K^,plojx,/s[di])) = 

^ pu {A*pl2K ® A*p*^ RH om {K^ , p*iOx, /s [di]) ® P>xl/s ["^i] ) = 

^ Pu{K ^1*2 Rnom{K^,p*20Jx,/s[di]) ^ plw^^/gl-di]) ^ 

^ pu {K RHomiK, pIujx^/s [di]) ^ P>xl/s ["^i] ) - 

^ Pu RHomiK, K (g) pluJx^/s[di] ® plu)^^/s[-di]) ^ pu Rnom{K, K) 

(the first isomorphism is the definition of the convolution, the second follows from the faithful base 
change theorem |Klj . the third is the definition of the twisted pullback). Further, the canonical map 
p\Oxi — OxixsX2 ~^ RTi.om{K, K) induces a map Oxi — > Pi* RHomiK, K), and by adjunction we get 
a map Xk ■ A^Oxi K o K* . The map pK is constructed analogously. □ 

We will also need a well-known relation of the Serre functor with the left and the right adjoints, 
expressed in terms of kernels. By Lemma |3. II and Lemma 13.31 we have 

Sx.oK* ^ RHom{K^,pluJx,/s['^^^Xi/S])®ploJx,/s['^^^X2/S] ^ 

^ RHom{K^,p\uJx,/s[<^^^X2/S])(i^ploJx,/sW^Xi/S] ^ k' o Sx,. 

Thus we have 

Corollary 3.4. For any kernel K we have an isomorphism 

Sx, oK*^K-o Sx, 

which is functorial in K. 

A straightforward computation shows that we have the following result. 
Lemma 3.5. Assume that K = A^E G V^{X xgX) for some E e V^{X). Then K* ^ K- ^ A^{E"^). 

We also will need the following result. 
Lemma 3.6. Let K G V^{Xi x^Xs). Then $^t(F^)^ ^ ^k(.F)- 
Proof. Indeed, 

^/rT(F^)^ = RHom{p2*iK ®pIF''),Ox2) = P2* RHom{K ® p\F'^ ,^20x2) = 

P2*{K''®p\ux,ls[d\n.X,/S] ®p\F) - <5^TV^^,,^^^^[,i„,^^/5](F) = ^k*{F) 

and this is precisely what we need. □ 



3.2. Kernels of the projection functors. We start with a reminder on some results of |K4| . 

Let X be an algebraic variety over a base scheme S and assume that V^{X) = {Au...,Ara) IS an 
S'-linear semiorthogonal decomposition. Let : T — >■ S" be a base change and denote Xt = X x s T. 
Then under some technical conditions it is proved in |K4j that there is a semiorthogonal decomposition 
^^{Xt) = {.AiT, • • • , •AmT) which is compatible with the initial decomposition with respect to the functors 
(j)^ and (/)*. The construction of the subcategories Aix C ^^{Xt) is rather complicated in general — first 
one should consider the induced decomposition of the category of perfect complexes on X, then pull 
it back to obtain a decomposition of the category of perfect complexes on Xt, then extend it to a 
decomposition of V^{Xt), and finally obtain a decomposition of ^^{Xt) by taking the intersection. 
However, in the case when both X and T are smooth, one can write down a closed formula for AiT 

AiT = ((</'*^^P*^))AeA, FGl?f{T)> 

where ((— )) denotes the extension of a category by adding all homotopy colimits which are bounded and 
coherent (note that this includes adding all direct summands). 

Below we will need a special case of this result. Assume that X is smooth. Consider the square 

X xsX -X 

X ^ S 

as a base change diagram in two ways — taking either the vertical or the horizontal arrows to be the 
base change. This gives two semiorthogonal decompositions for T)^{X xg X) 

V\X XsX) = {Aix,...,Amx) = {xAi,...,xAm), 

where 

Ax = ((pI^* ®P2^)>A,GA, FeVix), xAi = ((pIi^®P2^»))A.eA, FeVb(X)- 

These semiorthogonal decompositions allow to prove that the projection and the truncation functors of 
a semiorthogonal decomposition can be represented by kernels. 

Theorem 3.7 ( |K4j ). Let X be a quasiprojective variety over S and V\X) = (^1,...,^ m) o,n S -linear 
semiorthogonal decomposition. Let ai : I)^{X) T)^(X) and Ti : T)^(X) — > D^{X) be the projection and 
the truncation functors of the semiorthogonal decomposition. Then for every i € {!,... there are 
objects Pi,Di eV\X XsX), unique up to an isomorphism, such that ai = ^p. and Ti = $Di- Moreover, 
the triangles of functors Ti rj_i — > Oj are induced by the distinguished triangles Di -Di-i Pi in 
V\X XsX). 

We give a sketch of proof for completeness. 

Proof. Consider the induced semiorthogonal decomposition 'D^{X xs X) = {Aix, ■ ■ ■ ,Amx)- Let 

= Z)„ ^ D^^i ^ >Di^Dq = A,Ox 

be the corresponding filtration of A^Ox- Then the kernels Di represent the truncation functors Ti and 
the kernels Pi = Cone(Dj LDi^i) G Aix represent the projection functors. The uniqueness of kernels 
follows from the uniqueness of semiorthogonal components of an object with respect to a semiorthogonal 
decomposition. □ 

The following results are essential for the rest of the paper. 
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Proposition 3.8. Let T)''[X) = (^Ai, . . . ,Am) be an S-linear semiorthogonal decomposition and let Pi 
be the kernels of the corresponding projection functors onto Ai- Then 

Pie AM := Ax n xB^ c v\x xsX), 

where Bi is the component of the dual semiorthogonal decomposition defined by (0]) . 

Proof. According to the proof of Theorem 13.71 we have Pi € Aix, so it suffices to check that Pi E xB^ . 
For this we note that ^p.{Aj) = ai{Aj) = for i ^ j. In the other words, we have pu{Pi <X)P2(-^i)) — ^■ 
It follows that for any F e'D''{X), A £ Aj we have 

O = [^om{F,pu{Pi0p*2A)) = Hom{plF, P, p*2A) = Hom(i^^,ptF^ ^p^^), 

hence P^ G ^(xAj) for all j ^ i. Therefore P^ e xBi hj i^, so Pi e xB]^ . □ 

Corollary 3.9. Let = (^i, . . . ,Am) be a semiorthogonal decomposition and let Pi be the kernels 

of the corresponding projection functors onto Ai. Then we have H*(X x X,Pi® Pj) = for i ^ j. 

Proof. By Proposition 13.81 we have Pj £ A ^ , hence Pj S Kl Aj, so it suffices to note that 
H'(X, Ai (g) B)) = Hom(Sj, A) = for i / j by the definition (g]) of Bj. □ 

Corollary 3.10. Let T)^{X) = (^i, . . . , Am) be a semiorthogonal decomposition and let Pi be the kernels 
of the corresponding projection functors onto Ai. Then we have Hom*(Pj,Pj o Sx) = for i ^ j. 

Proof. By Proposition l3.8l we have Pi G AiMB'^ , hence PjoSx G AjM^Bj (^ujx)- So, for i > j the required 
vanishing follows from the semiorthogonality of Ai and Aj and for i < j it follows from the semiorthogo- 
nality of ^8/ and BJ(^lox (indeed, by Serre duality we have Hom{B^ , Bj ^coxidimX]) = Hom(i3j, = 
Hom(jBi, jBj)^ which is zero since V'^^X) = {Bm, ■ ■ ■ ,Bi) is a semiorthogonal decomposition). □ 

Corollary 3.11. Let 'D^{X) = (^Ai, . . . , Am) be a semiorthogonal decomposition and let Pi be the kernels 
of the corresponding projection functors. Then we have Pi o P* = for i < j and Pi o Pj = for i > j. 

Proof We have Pi G A ^ -8/ by Proposition ESI hence P* G Bj M (A] 0uJx), Pj e (Bj 0ujx)M A] by 
Lemma l3.3i So, the first vanishing follows from semiorthogonality of {Bj,Bi) and the second — from the 
semiorthogonality of {Bi,Bj) and the Serre duality. □ 

Corollary 3.12. Let D^^X) = (^Ai, . . . ,Ai.,Ai-\-i, . . . ,Am) be a semiorthogonal decomposition. Let 
T)^{X) = (^1, . . . ,A!^^i,Ai, . . . ,Am) be the semiorthogonal decomposition obtained by the left mutation 
o/ A+i through Ai. Let Pi and P[ be the kernels of the projection functors onto Ai with respect to these 
decompositions. Then we have canonical isomorphisms Hom*(Pj,Pj) = Hom*(P/,Pj) = Hom*(P/,P/). 

Proof. Let A = (A, A+i) = {A+ii^-i) let D be the component of A^,C)x in Ax- Then we have 
distinguished triangles 

P,+i ^D^Pi, and Pl^D^ i^+i 
Consider the composition map P'- ^ D ^ Pi and extend it to a distinguished triangle 

(6) K^Pl^Pi. 
By the octahedron axiom we also have a distinguished triangle 

(7) K^P.,+,^Pl^^. 

Let V^{X) = {Bm: Bi+i,Bi, ...,Bi) and V^{X) = {Bm, • • • , B'i,Bi+i, ...,Bi) he the dual decomposi- 
tions (note that by Lemma 12.121 the second is obtained from the first by the left mutation of Bi through 
Bi+i). By Proposition 13.81 we have 

P, GA^^r, PleAMiB'.y, P,+iG PU,eA+i^Bl,. 
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Triangle ([6]) implies that K € Aix, while ([7]) implies that K € xS^'_^i, which means that 

K G A^S^^i- 

Since pairs {By,By_^i) and {B^^^^jB'^) are semiorthogonal, we conclude that 

Hom'(K, Pi) = Hom'(i^', K) = 0. 

Now applying the functor Hom(P/, — ) to ^ we deduce that Hom*(P/, Pi) = Hom*(P/, P[), and applying 
the functor Hom(-, Pi) we deduce that Hom'(Pi, Pi) = Hom'(i=;', Pj). □ 

4. HOCHSCHILD HOMOLOGY AND COHOMOLOGY OF DG-ALGEBRAS 

4.1. Derived categories of DG-algebras. We refer to [Ke5j for a comprehensive introduction in DG- 
algebras. Below we remind the basic definitions. 

Recall that a DG-algebra over a field k is a complex C* of k-modules with an associative multiplication 
map C* (8>k C* C* such that for the differential of C* the (graded) Leibnitz rule holds. A right 
DG-module over a DG-algebra C* is a complex M* of k-modules with an associative multiplication map 
M* C * such that for the differential of M* the (graded) Leibnitz rule holds. A left DG-module 
is defined analogously, and a DG-bimodule over C* is a complex of k-modules with commuting structures 
of a left and of a right DG-module. 

The derived category T>[C) of a DG-algebra C is defined as the localization of the homotopy category 
of all (right) DG-modules over C with respect to the class of quasiisomorphisms. This category is 
triangulated. The category X'P^''^(C) of perfect DG-modules over C is the minimal closed under direct 
summands triangulated subcategory of 'D{C) containing the free DG-module C. There is a similar 
notion of a DG-category (which can be thought of as a DG-algebra with several objects) and of its 
derived category. 

Triangulated categories equivalent to derived categories of DG-categories (such triangulated categories 
are called enhanced, see |BK2] . and a choice of such DG-category and of an equivalence is called an 
enhancement) have many useful properties. In particular for any two objects M,N of an enhanced 
triangulated category there is a complex RHom*(M, A^) such that its i-th cohomology is isomorphic to 
Hom(M, N[i]) and the multiplication of Horn's lifts to a multiplication of RHom complexes. In particular, 
for any object M of an enhanced triangulated category T there is a DG-algebra RHom*(M, M). 

The derived category of quasicoherent sheaves on an algebraic variety is well known to be enhanced. 
The standard enhancement for it is provided by the DG-category of h-injective complexes of quasicoherent 
sheaves (see e.g. |KSchj . Theorem 14.3.1). Starting from this enhancement one can produce many others. 
The most convenient come from appropriate generators. 

Recall that an object f is a generator of a triangulated category T if £^ = 0. An object £ is compact 
if the functor Hom(f , — ) commutes with arbitrary (infinite) coproducts. All compact objects in T form 
a triangulated subcategory denoted by An object £^ is a strong generator for T (see |BVj ) if there 
is an integer N such that any object of T can be obtained from £ by taking finite direct sums, shifts, 
direct summands and no more than N cones of morphisms. It is easy to see that any strong generator of 
T)^{X) is a generator of the unbounded derived category of quasicoherent sheaves on X (indeed, if £ is 
a strong generator of P^(X) then £^ = (V^{X))-^ = 0). 

Theorem 4.1 ([Kel]). A ssume that T is an enhanced triangulated category and £ is a compact generator 
ofT. Let C = RHom'(f ,f). Then T ^ V{C) and % ^ VP^'^iC). 

Theorem 4.2 ( |BV] ). Let X be a smooth projective variety. Then the bounded derived category of 
coherent sheaves on X has a strong generator, which is a compact generator of the unbounded derived 
category of quasicoherent sheaves on X . 
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The following evident argument shows that any admissible subcategory of also has a strong 

generator. 

Lemma 4.3. Let £ be a strong generator of a triangulated category T and A <Z T an admissible sub- 
category. Then the component of £ in A is a strong generator of A. In particular any admissible 
subcategory A C ^^{X) is strongly generated. Moreover, there is an equivalence A = VP^'^iC) for the 
DG-algebra C = RHom*(f^, f^). 

Proof. Denote by {£)k the subcategory of T consisting of objects which can be obtained from £ by taking 
finite direct sums, shifts, direct summands and no more than k cones of morphisms. Then it is easy to 
see that for any exact functor ^ : T ^ T' we have ^{{£)k) C {^{£))k- In particular, if a : T ^ ^ is the 
projection functor then a{{£)k) C {£A)k- Now if f is a strong generator for T then {£)n = for some 
N £ 7j, hence a{T) C {£a)n, but A = a{A) C a{T), hence £a is a strong generator for A. 

By Theorem 14.21 for any smooth projective variety X the category has a strong generator. 

Hence any admissible subcategory A C 2?''(X) is strongly generated. Therefore, by |Kel| there is an 
equivalence A = VP^'^iQ. □ 

4.2. Hochschild cohomology and homology. Each DG-algebra C* has a canonical structure of a 
DG-bimodule over itself. This is used to define the Hochschild cohomology and homology: 

HH'(C) = RHomcssC'-pp (C,C), HH.(C) = C^c^c^p.C. 

The Hochschild homology and cohomology of DG algebras is known to be invariant under derived Morita 
equivalence (see e.g. |Ke5| ). This allows to define the Hochschild cohomology and homology of an admis- 
sible subcategory of 'D^{X) as those of the DG-algebra of endomorphisms of its appropriate generator. 

Definition 4.4. Let A C V''{X) be an admissible subcategory of 'D^{X) for a smooth projective variety 
X. Let £a be a strong generator of A and = RHom*(f_4, <5^). Then we define 

HH'(^) := HH'(C^), HH.(^) := HH.(C7^). 

It turns out, however, that for the computation and investigation of the Hochschild cohomology and 
homology of an admissible subcategory one can forget everything about DG-algebras and to remain 
within the realm of algebraic geometry. 

Theorem 4.5. Let 'D^{X) = {Ai, . . . ,Am) be a semiorthogonal decomposition. Let Pi E T)''{X x X) be 
the kernels of the corresponding projection functors onto Ai . Then 

HH*(A) = Horn' {Pi, Pi), HH.(A) = H'(X x X,Pi^Pl). 

Proof. Let £ € T>^{X) be a strong generator and £i the component of £ in Ai. Then fj is a strong 
generator for Ai. Moreover, Ti = Dj(<Sj)^ is a strong generator for , where Bi is the component of the 
dual semiorthogonal decomposition and Dj : — > Bi is the equivalence given by the iterated mutation 
functor, see Section 12.41 for details. 
Let 

C = mom{£i,£i) ^ mom{T) i{£i),Tii{£i)) ^ RHom{Ti,Ti)°^^ . 
Note that the functors 

ei:V^^'^{C) ^V\X), M ^ M ®c £h (^i : V^^'^ {C°^^) ^ V\X) , N ^ N ®c-^p, Fi, 
are fully faithful with Ai and B'^ being the essential images (see e.g. |BV] ). It follows that the functor 
Hi : pP^^f(C (g) C°PP) ^ V\X xX), M^M 0c®c°pp {£i ^ ^i) 
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is fully faithful as well. Note that /ij takes the diagonal bimodule C to 

C Oc®c°pp (Si ^J^i)^£i®c 

which is precisely the kernel Pi of the projection functor onto Ai. We conclude that 

HH"(A) = Hom^^copp(C,C) ^ Hom'{Pi,Pi), 

which is the first claim of the Theorem. 

Further, note that for any M G VP^'^{C), N G DPerf((7opp-) j^^^^g 

Indeed, in case M = N = C the right-hand-side gives 

n'{X,8,®Ti) ^ n'{X,£,®T>i{£,Y) ^ RHom* {T)i{£i),£i) ^ RHom'{£u£i) = C 

(the third isomorphism is given by Lemma |2. lip and for general M,N the formula follows by devissage. 
Similarly, for any Ki,K2 G VP^'^{C (E) C°pp) we have 

Ki 0c55C°pp K2 ^ H'(X X X,fii{Ki) /ii(K2)"^). 
Indeed, for Ki = K2 = C (g) C we have /Uj(C C) = £iM F-i, so the right-hand-side is isomorphic to 

H'(X X X, {£i K Ti) ® {£, K Ti)^) = H'(X X X, {£i (g) J'.,) K {£, K = 

= H'(X, £i ® Ti) ® H'(X, £,^Ti) = C®C 

which coincides with the left-hand-side. For general Kx^K^ we conclude by devissage. 
Finally, applying the above formula for K\ = K2 = C we obtain an isomorphism 

HH.(A) = C ®c®c°pp C ^ H'(X X X, ii,{C) ^Xi{C)^) = H'(X X X, Pi i^T), 

which is the second claim of the Theorem. □ 

Actually, the formula for the Hochschild homology given by the above Theorem is not very convenient. 
We will need the following its reinterpretation. 

Proposition 4.6. Let 'D^{X) = {Ai, . . . ,Am) he a semiorthogonal decomposition. Let Pi G 'D^{X x X) 
be the kernels of the corresponding projection functors onto Ai- Then h\h\,{Ai) = Hom(Pj,Pj o Sx)- 

Proof. By the above Theorem we have HH,(^) = H*(X x X,Pi ^ Pj)- Consider the isomorphism 
W{X X X, A,Ox ® ^*Ox) = Hom(S'3;:^ A,Ox) of Lemma EH The filtration on A*Ox induced by 
the semiorthogonal decomposition induces filtrations on both sides of this isomorphisms. Since the 
isomorphism is functorial we conclude that it gives isomorphisms on the factors of this filtrations, i.e. 
isomorphisms 

H'(X X X, A,Ox (g)P,) ^ Hom(5^\P,). 

Now consider the filtration on A^Ox with the factors Pj. It gives a filtration on Hom(S'3^^, Pj) = 
Hom(A^,C'x, Pi o Sx) with factors Hom(Pj,Pj o Sx)- By Corollarv 13.101 all factors with i 7^ j vanish. 

Similarly, transposing the filtration we obtain a filtration on A* Ox = (A^.Ox)"'" which gives a filtration 
on the left-hand-side with factors H*(X x X, Pj Pj)- By Corollarv 13.91 all factors with i ^ j vanish. 
So we conclude that H'(X x X,P^®Pj)^ Hom(Pi, PioSx). □ 

13 



5. Generalized Hochschild cohomology 



Combining the results of Theorem [43] and Proposition 14 . 61 we see that both the Hochschild cohomology 
and homology of an admissible subcategory can be written as Hom(P, P o T), where P is the kernel of 
the projection functor to A and T = A^^Ox for cohomology or T = Sx for homology. So, it is reasonable 
to consider the graded vector spaces Hom(£', E'oT) for arbitrary E,T G T>^{X x X) and investigate their 
behavior with respect to E and T. 

Definition 5.1. The Hochschild cohomology of X with support in T and coefficients in E is defined as 

HH^(X, E) = Hom'{E, EoT) 

for any kernels E,T £ V''{X x X). 

In case of T = A^Ox we write HH*(X, £') = HH^^0^(X, £') and call it the Hochschild cohomology of 
X with coefficients in E. Similarly, in case of T = Sx we write HH,(X, E) = HH*^, (X, E) and call it the 
Hochschild homology of X with coefficients in E. 

Fix a support T G 'D'^{X x X) with respect to which the Hochschild cohomology will be considered. 
Let K,E GV^iX X X). Consider an element h G HH^(X, E) = Hom(^, EoT). Taking the convolution 

with K we obtain a map K o E — > K o E oT . This defines a graded map 

-fK ■■ HH^(X, E) HH^(X, K o E). 
In particular, for E = A^Ox we obtain a map "fx '■ HH^(X) HH^(X, K). 
Lemma 5.2. We have ° 1k' = IKoK' ■ 

Proof. Follows from the functoriality of the associativity isomorphism and the pentahedron equation. □ 

Lemma 5.3. For any morphism of kernels (p : K ^ L and any generalized Hochschild cohomology class 
h G HH^(X) the following diagram commutes 



K ^ L 



lK{h) 



(ioidy 

KoT ^LoT 

Proof. Indeed, by definition ^K{h) = idi^ o /i, ^L{h) = idi o /i, so it remains to note that 

{(j) o idT)(l o h) = (j) o h = {\ o h){(j) o \6a,Ox) 

and that (j) o idA,Ox — 4'- ^ 

The generalized Hochschild cohomology HH^ is exact with respect to T. 

Lemma 5.4. // Ti ^ T2 ^ T3 is a distinguished triangle then there is a distinguished triangle of 
generalized Hochschild cohomology 

HH^^(X,K) ^ HH^^(X,K) ^ HH^3(X,ir). 

Proof. Evident. □ 

Sometimes, the generalized Hochschild cohomology HH^(X, i^) is also linear with respect to but 
for this some additional conditions are required. 
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Proposition 5.5. Let Ki K K2 he an exact triangle and assume that 



(8) 

Then there is a map vr : HH^(X, i^) 
commutes 



(9) 



HH^(X) 

7k 



Hom'{Ki,K2oT) = 0. 
HH^(X, i^i) © HHy(X, 7^2) such that the following diagram 



HH^(X) © HH^(X) 

7Ki ®7if2 



Moreover, if additionally we have 
(10) 



Hom*(iv:2,Ki oT) = 



then the map it : HHy(X, iiT) HH^(X, i^i) © HH^(X, i^2) is an isomorphism. In particular, for any 
h G HH^(X) we have "yxih) = if and only if jKi{h) = JK2{^) — 0- 



Proof. We have the fohowing distinguished triangles in V {X x X) 

4>i 4i2 



(11) 



KioT 



K 



K2, 



bio\dj 



KoT 



K20T. 



Consider the following commutative squares 
Hom{K2,K oT) — 



(12) 



Hom(i^2,i^2 oT) 



■ Hom{K,K oT) 
Hom(K,K2oT) 



Hom{K,KioT) 



HQm{Ki,KioT) 



Horn (K, KoT) 



Horn (i^i, KoT) 



It follows immediately from ^ that the bottom arrows in these squares are isomorphisms. Therefore, 
the composition of the right arrows in these squares with the inverses of the bottom arrows give maps 
7r<^2 : HH^(X,K) ^ HH'r^{X,K2) and vr^j : HH^(X,K) HH^(X,Ki). Moreover, it follows immediately 
from Lemma [531 that for any h G HH^(X) we have 4>2inK2{h)) = 4'2*{lK{h)), so 7x2 (^) = '^^2ilK{h)). 
Analogously, jKi{h) = vr^^ (7_ft:(/i)), so diagram Q commutes. 

Further, if (jlOp is also true then the left arrows in squares (|12p are also isomorphisms. Therefore, 
the composition of their inverses with the top arrows give morphisms l^^ ■ HH^(X, ^C2) h\h\^{X, K) 
and : HH^(X, i^i) — > HH^(X, i^). Moreover, commutativity of squares (jl2p implies that we have 
equalities vr^j o'-</,2 = idhH* (x.i^a)' '^4>i°'^'Pi = idhH* (x.i^i)- In particular, l^^ and l^^ are embeddings while 
TTfj,-^ and TTj^j surjections. 

Let us show that the map {'^(j>i,'n',j>2) '■ HH^(X, ET) HH^(X, i^i) © HH^(X, i^2) is an isomorphism 
if ([in]) is satisfied. Indeed, applying the functor Hom(— , K o T[k]) to the upper line of the diagram ([TT]) 
and recalling the definition of i^f^^ and 7r<^j we see that there is a distinguished triangle 



HH^(X,K2)- 



'■•P2 



-HH^(X, K)- 



-m'T{x,Ki] 



But since tt^^ 



id, as we already proved, this triangle splits and {t^^i,t^^2) an isomorphism. □ 
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6. FUNCTORIALITY OF GENERALIZED HOCHSCHILD COHOMOLOGY 
In this Section we construct action of functors on generalized Hochschild cohomology. 

Definition 6.1. Assume given support kernels Tx G x X), Ty G V^{Y x Y). We will say that a 

kernel K G V^{X x Y) is S-intertwining between Tx and Ty of degree d if there is given an isomorphism 

{TyoSy)oK^Ko [Tx o Sx)[d]. 

Lemma 6.2. Any kernel K G T>^{X x Y) is S-intertwining of degree between Tx = Sx and Ty = Sy. 

Proof. Indeed, 5)^ = S^^ by Lemma [331 so S*)^ o Sx — A* Ox by Lemma [3JJ □ 

Alternatively, this can be deduced from Corollary 13.41 using the following 

Lemma 6.3. A kernel K G V^{X x Y) is S-intertwining between Tx and Ty of degree d if and only if 
there is an isomorphism 

(13) Tx o K* ^ K- oTy[d]. 

Proof Note that K- ^ Sx o K* o Sy^ . Therefore is equivalent to Tx o K* ^ Sx o K* o Sy^ o Ty[d]. 
Taking the left convolution with S^^ and considering the right adjoints, we see that this is equivalent to 
the definition of being 5'-intertwining. □ 

Corollary 6.4. // a kernel K G V^{X x Y) gives an equivalence of T>'^{X) and D^iY) then K is S- 
intertwining between Tx = A^Ox and Ty = A^Oy. 

Proof. Indeed, if K gives an equivalence then A* Ox o K* = K* = K- = K- o /\^Oy . □ 

Lemma 6.5. Let X, Y he smooth projective varieties and Tx G T>^{X x X), Ty G T>^{Y x Y) support 
kernels. If '■ T>^{X) T>^(Y) is a functor given by an S-intertwining between Tx and Ty of degree d 
kernel K G 'D^{X x Y) then there exists a map (px '■ HH^^(X, A*Ox) HH^y (y, A^fOy) of degree d 
such that 4>KoL = (t^K ° 4^1- 

Proof. For any h G HHy^(X, A*Ox) = Hom(A*Ox, Tx) consider the composition 

A^Oy KoK* ^Ko A*Ox o K* ^ K oTx o K* ^ K o K- oTy[d] Ty[d], 

where the maps Xk and px are defined in Lemma [3. 3i The composition can be considered as an element of 
HH^y(y, A^Oy) which we denote by This way a map 4>k ■ HH^_^ (X, A*Ox) ^ HH^^ (F, A=,Oy) 

is defined. The required functoriality can be checked straightforwardly. □ 

In particular, we see that any kernel K gives a map on Hochschild homology and any equivalence gives 
a map on Hochschild cohomology. We would also need a condition ensuring that a kernel K gives a map 
on generalized Hochschild cohomology. 

Definition 6.6. Assume given coefficients Ex G P^(XxX), Ey G T>^{Y xY) for Hochschild cohomology. 
We will say that a kernel K G T>^{X x Y) is intertwining between Ex and Ey of degree d if there is given 
an isomorphism 

Ey o K ^ K o Ex[d]. 

Lemma 6.7. Let X, Y be smooth projective varieties, and '■ T^^iX) 'D^{Y) a functor given by a 
kernel K ^V''{X xY) which is S-intertwining between Tx and Ty of degree dx and intertwining between 
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Ex and Ey of degree ds- Then there exists a map <j)K '■ HH^^(X,i?x) (Y, Ey) such that 

the diagram 



HH^^(X)- 
HH^^ {X, Ex) 



m'j.^{Y,Ey) 



is commutative. Moreover, if L ^ 'D^{Z x Y) S- intertwines between Ty and Tz and intertwines between 
Ey and Ez then 4>koL = (pK ° (pL- 

Proof. For any h € HH^^{X, Ex) = Hom(i?x,-E'x ° Tx) consider the composition 



Ey 



Ey o K o K* ^ K o Ex o K*[dE] 



KoExoTxo K*[dE] = Ey o K o K- oTy[dE + dr] Ey o Ty[dE + dr]. 



The composition can be considered as an element of HHy^ (y,i?y) which we denote by (pxih). This 
way a map (px ■ HH^^(X, E'x) HH^^(y, i?y) is defined. The required functoriahty can be checked 
straightforwardly. 

Commutativity of (px with 7 follows from the commutativity of the following diagram 



Ey EyoKoK* — ^ EyoKoTxoK* 



Ey 



EyoKoK* 



KoExoK* 



EyoKoK' oTy 



KoExoTxoK* 



PK 



EyoTy 




EyoKoK'oTy 




EyoTy 



where k : Ey oK ^ K o Ex and r : Tx o K* K' oTy stand for the intertwining isomorphisms. Indeed, 
in the above diagram the top line gives ^EY{4'K{h)) while the bottom line gives (pKilExi^))- 



□ 



7. HOCHSCHILD HOMOLOGY AND COHOMOLOGY OF AN ADMISSIBLE SUBGATEGORY 



Given an admissible subcategory A C T)^(X) we consider any semiorthogonal decomposition of X'^(X) 
containing ^ as a component and consider the kernel P € T>'^{X x X) of the corresponding projection 
functor onto A C V^{X). Recall that in Section [5] we identified the Hochschild homology and cohomology 
of A with the vector spaces Hom*(P, P) and Hom*(P, P o Sx)- It follows that whenever we have another 
admissible subcategory B C 'D''{Y) with the kernel of the projection functor Q G T>^{Y,Y), if B is 
equivalent to A and the equivalence has a DG-enhancement, then we have isomorphisms 

Hom'(P,P) ^ Hom'(g,Q), Hom'{P,Po Sx) = Horn' {Q , Q o Sy) . 

The goal of this Section is to make these isomorphisms explicit. 

7.1. Hochschild cohomology. Note that a priori the spaces Hom'(P, P) and Horn* {P, P o Sx) depend 
also on the choice of the projection functor P, that is on the choice of a semiorthogonal decomposition 
of T>^{X) containing A as a. component. We start with analyzing this dependence. Note that the kernel 
P does not depend on a subdivision of components distinct from A, so we may assume that the first 
decomposition is T>''{X) = {A', A, A") for some A', A" C T>''{X). On the other hand, consider the 
decomposition T)^{X) = {A^,A). Let P and P' be the kernels of the corresponding projection functors 
onto A. 



Proposition 7.1. There is a morphism P' ^ P such that the induced maps Hom*(P', P') 
and Hom* (P,P) Horn* (P',P) are isomorphisms. 
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Hom*(P',P) 



Proof. The left mutation of A" through A takes the first decomposition to 'D^{X) = {A' ,'L2{A"), A) 
which is clearly a subdivision of the second decomposition. Now the Proposition easily follows from 
CoroUaryElll □ 

Now we are ready to construct an explicit isomorphism in general case for the Hochschild cohomology. 
Let ^ : ^ ^ ;B be an equivalence and consider the functor $ : V^lY), 

$ = /3 o ^ o a*, 

where a : A ^ V^^X) and /3 : i3 — > T)^{Y) are the embedding functors. Note that this is a right splitting 
functor (see [K2j). In particular, = is the right projection onto B, while $■<!) = aa* is the left 
projection onto A. The main technical assumption we need is the geometricity of Namely, we assume 
that $ is isomorphic to a kernel functor ^£ given by an appropriate kernel £ G D^iY x X). Note that 
this condition is more or less equivalent to an existence of a DG-enhancement for $. 

Theorem 7.2. Let P be the kernel of the left projection functor onto A and Q be the kernel of the 
right projection functor onto B. If a right splitting functor : 'D^{X) 'D^(Y) gives an equivalence of 
subcategories A C V''{X) and B C V^{Y) then we have isomorphisms 

Hom'(P,P) ^ Hom'{£,£) ^ Horn' {£■,£■) ^ Hom*(Q,Q), 

where f ' is the kernel of the right adjoint functor. 

Proof Consider the functor <! : V^{X x X) ^ V\Y x X) given by the kernel 

£ = p*24{A^Ox) Ph£ e V^{Y xX xX xX). 

A simple computation shows that ^ takes A^Ox G 'D^{XxX) to £ e 'D''{YxX). Further, by Theorem 6.4 
of [K4) $ is fully faithful on the subcategory Ax of 'D^{X x X), vanishes on -^Ax, and induces an 
equivalence of Ax with Bx C V^{Y x X). It follows that 

= 4(A,Ox) = £, 

hence 

Hom'(P,P) ^ Hom'(^,^). 

Similarly, the functor : V^{Y xY) ^ V^{X x Y) given by the kernel 

£■ =pI^{A^Ox) (^p\^£- G V\X xY xY xY). 

takes A^Oy G V^{Y x Y) to £■ G V^{X x Y). By Theorem 6.4 of [K4] this functor is fully faithful on the 
subcategory By of x y), vanishes on By, and induces an equivalence of By with Ay C 'D'^{X x Y). 

It follows that 

^■{Q)=^A,Oy)=£\ 

hence 

Hom'(Q,Q) ^ Hom'{£\£-). 

So, it remains to note that the functor K ^ K^ is an antiequivalence of 'D'^{Y x X) with x Y), 

hence induces a canonical isomorphism Hom*(£^', £^') = Hom*(£^,£^). □ 

A combination of Proposition 17. II with Theorem 17.21 allows to construct the desired isomorphism. 
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7.2. Hochschild homology. Now we consider to the case of Hochschild homology. In this case it turns 
out that we don't need to investigate the dependance on the choice of a semiorthogonal decomposition 
since one can identify Hom(P, P o Sx) with a certain subspace of HH,(X) depending only on A. This 
easily follows from the following result. 

Recah the maps (pp : HH.(X) ^ HH,(X) and 7p : HH.(X) ^ HH.(X,P) defined in Sections E] and [5] 
respectively. 

Theorem 7.3. Let V^{X) = (^Ai, . . . -lAn) he a semiorthogonal decomposition and let Pi he the kernels 
of the corresponding projection functors onto Ai . Then 

(i) the map 

HH.(X) ^^^^'■■■'^''"^ , HH.(X,Pi)©---©HH.(X,P„) 

is an isomorphism; 

(ii) the maps 0p. : HH,(X) — > HH,(X) are idempotents summing up to identity, that is 
(m) lm(/)p, = []._,. Ker-/p^. 

Proof, (i) Let Di be the truncation functors of the semiorthogonal decomposition. It is clear that Di is 
the projection functor onto the subcategory (^i+i, . . . , An) C 'D'^{X) and we have distinguished triangles 
Di -Dj-i — > Ki. Thus the conditions ^ and ([TO]) of Proposition 15.51 are satisfied, hence the maps 
7d,, 7d,_h Ik^ induce a decomposition HH,(X, = HH,(X, Dj) © Hh\,{X, Ki). Iterating we obtain 

a decomposition HH,(X, Dq) = ©HH,(X, Kj) induced by jXi- Since Dq = A^Ox this is what we need. 
(a) The semiorthogonal decomposition V^{X x X) = i^Aix, ■ ■ ■ ,Anx) gives a filtration 

{) = Dn^ Dn^l ^ >Di^Do = A,Ox 

the factors of which are Pi. It induces two filtrations on (A* Ox)* = (A^Ox) = A* Ox, 

A,Ox = D*o^Dl^ > Dl_^ ^ DI = 0, and A,Ox = ^ ^ > dI_^ ^ D^ = 0, 

with factors being P* and respectively. It follows that the convolutions (A* Ox) o (A* Ox)* — A^,Ox 
and (A* Ox) o Sx o (A,Ox)* = (A^Ox) o (A*Ox)' o 5'x = Sx have bifiltrations with factors Pi o P* and 
Pi °Sx ° Pj — Pi ° Pj o Sx respectively. Note that Pj G Aix, while P* G x{A^ <SiuJx) by Lemma [3^ and 
the same is true for Pj o ^x by Lemma 13.31 and Lemma 13.11 Hence 

P^ o P;, PioSxO P*, P^ o pj oSxeA^ [A] © C^x). 

Therefore the above bifiltrations are the bifiltrations corresponding to the semiorthogonal decomposition 

V\X xX) = {Ai M {A) © ^x))lj^r 

By the functoriality of the filtration of a semiorthogonal decomposition we deduce that every Hochschild 
homology class h : A,,Ox — > Sx is compatible with these filtrations, and induces on the factors maps 

Pi o p; ^ Pi o A,Ox o p; — ^ p, o 5x o p* ^ Pi o pj o Sx. 

By Corollary 13 . 1 1 1 we have Pj o P? = for « < j and Pj o Pj = for i > j. Therefore the only nontrivial 
maps on the factors of the filtrations are that for i = j, so the whole map h : A* Ox Sx factors as 

A,Ox -^^^P^ o P* ^ 0Pi oSxoP* ^^P.oPloSx Sx 

which is nothing but the sum of (j)p.{h). This shows that Yl^PiW ~ '124'Pi = id- The fact that 

(f>p. are orthogonal idemptents follows immediately from Lemma 16.51 since Pj o Pj = for i ^ j and 

P^^oP,^P,. 
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{in) The same argument shows that 'jPj o0p. = for j ^ i. Indeed, jp^ is defined as the left convolution 
with Pj. But (t>pXh) factors through Pi o P* and Pj o P^ o P* = 0, so 'jp^ o (pp. factors through 0. So, 
it follows that lm(/)p. C flj^i Ker7Pj , and it remains to check that this is indeed an equality. But this 
immediately follows from 

n n 

Im 4>P, = HH.(X) = n ^^'^P.^ 

i=l 1=1 j^i 

the first equality follows from ^(pp^ = id, and the second follows from (i). □ 

The claim of the Theorem can be made more precise because of the following 

Lemma 7.4. Take any semiorthogonal decomposition of 'D^{X) containing A as a component and let 
P G T)^{X X X) be the kernel of the corresponding projection functor. Then the image of the projector 
(pp : HH,(X) — > HH,(X) does not depend on the choice of the semiorthogonal decomposition and the map 
-fP : HH,(X) ^ HH.(X,P) identifies it with Hom{P,Po Sx). 

Proof. Let us show that Im^p = {^'^ ^e) ^^^^^^ the right-hand-side is the linear span in HH,(X) of 
images of all maps (pp for all kernels E G Ax C T)^{X x X). Since this depends only on A, the first part 
would follow. 

So, to check this we include A into a semiorthogonal decomposition, say T>^{X) = (^A,'^A) and let P 
and L be the kernels of the corresponding projection functors onto A and ^A respectively. Note that for 
any E £ Ax we have L o E = 0, hence ° 4>E = 0- So, Im (pp C Ker^p = Im (f)p, the last equality by 
Theorem 17.31 {Hi). This shows that the right-hand side is contained in the left-hand-side. On the other 
hand, it is clear that P G Ax, hence the left-hand-side is contained in the right-hand-side. 

The second part follows immediately from Theorem 17.31 {%). Indeed, the map 

7P e 7L : HH.(X) ^ HH.(X, P) © HH.(X, L) 

is an isomorphism. Hence 7p gives an isomorphism of Ker^p onto HH,(X, P). But Ker^n = \m(j)p 
by Theorem 17.31 iiii). □ 

From now on we identify the Hochschild homology HH,(^) of an admissible subcategory A C 
with the subspace Im (j)p of HH,(X). We want to summarize the properties of these subspaces. 

Corollary 7.5. For any semiorthogonal decomposition T>^{X) = (^Ai,...,An) there is a direct sum 
decomposition HH,(X) = HH,(^i) © • • • © HH,(^„). Moreover, for the kernel Pi of the projection onto 
Ai we have 

(1) jp^{m.iA,))=Oforiy^j; 

(2) 7p. : HH,(.Ai) HH,(X, Pj) is an isomorphism; 

(3) (pp^ is a projector onto HH,(.Aj) along ffijyjHH,(.Aj). 

Now we can construct explicit isomorphisms for Hochschild homology. 

Theorem 7.6. // a right splitting functor : T)''{X) !>''{¥) gives an equivalence of subcategories 
A C V^{X) and B C V^{Y) then the map (p£ : HH,(X) = HH,(y) induces an isomorphism of Hochschild 
homologies HH.(^) C HH.(X) and m,{B) C HH.(y). 

Proof. Recall that by Lemma 13.31 there is a kernel £' G 'D^{X x Y) which gives a right adjoint functor 
to Since is a splitting functor, the compositions and o$£-! are the projections functors 

onto subcategories A C V^{X) and B C V''{Y) respectively, so by Theorem [321 we have 



P^ ■= o and Ps := $f o 
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are the kernels giving these projection functors. By Lemma 16.51 the functors ^£ and induce maps 
(l)s : HH,(X) ^ HH,(y) and : HH.(y) ^ HH,(X). Moreover, 0^! 0^ = = (/.p^, 0^ o = 

<PeoS'- = 4>Pb^ which by Corollary [731 are the projectors onto HH.(^) C HH,(X) and HH,(S) C HH,(y) 
respectively. Hence (ps and induce isomorphisms of HH,(^) and HH,(i3). □ 

7.3. Exact sequences for Hochschild cohomology. We close this section by a discussion of the rela- 
tion of the Hochschild cohomology of the components of a semiorthogonal decomposition of a triangulated 
category to the its Hochschild cohomology. 

Theorem 7.7. Let A C be an admissible subcategory and A = (^1,^2) o semiorthogonal decom- 

position. Let P, Pi, P2 G X X) be the kernels of the projection functors onto A, Ai,A2- Then there 

is an exact sequence 

(14) > m\A) ^ HH*(^i) e m\A2) ^ Hom*+i(Pi,P2) ^ HH*+i(^) ^ . . . . 

Moreover, let P2 be the kernel of the left projection onto A2 in A. Then there is an exact sequence 

(15) > HH\A) ^ HH*(^i) ^ Hom*+i(P^,P2) ^ HH*+i(^) ^ .... 

Proof. We extend the semiorthogonal decomposition of ^ to a decomposition of T>^{X) as 

V\X) = {A^,AuA2). 

Then we have a distinguished triangle 

P2^P^Pl^P2[l]. 

Since Hom*(Pi,P2) = (see the proof of Corollary 13. 12|) . we obtain two exact sequences 
> Hom*(P,P) ^ Hom*(Pi,Pi) ^ Hom*+^(P,P2) ^ Hom*+^(P,P) ^ ... 

and 

> Hom*(P,P) ^ Hom*(Pi,Pi) e Hom*(P2,P2) ^ Hom*+i(Pi, P2) ^ Hom*+i(P,P) ^ .... 

Recalling the definition of the Hochschild cohomology of an admissible subcategory, we see that the 
second sequence gives (fT4|) . 

Further, by definition of P2 we have a distinguished triangle 

P3 ^ P ^ P^ 

where P3 is the projection onto ^A2. In particular, P3 E {^A2)x, hence Hom*(P3,P2) = 0. Therefore 
Hom'(P, P2) = Hom'(P2, P2), so the first sequence gives ([IS]). □ 

Remark 7.8. Let ai : Ai ^ Abe the embedding functors. Recall the functor 

(j) = a2 o ai : Ai ^ A2, 

known as the gluing functor of the semiorthogonal decomposition. One can show that 

Hom'+i(Pi,P2) ^ Hom'(0,</.), 

so the third term of (jl4p can be thought of as endomorphisms of the gluing functor. 

Remark 7.9. It would be interesting to give an interpretation of the term Hom*(P2,P2) of the se- 
quence (jl5p . One can show that if A2 — P^(y) and the equivalence is given by a kernel functor 
■■ V^iY) V^{X) then Hom'(P^,P2) ^ Hom'(A,Oy , i^' o o o Sy). In particular, if 
Y = Speck, so that K considered as an object of V''{X X Speck) = V\X) is an exceptional object, 
then Hom'(P^,P2) ^ Hom\K, S^^ (K)). 
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8. Examples of Hochschild homology and cohomology of admissible subgategories 

Let X be a smooth projective variety of dimension n. We start with the following simple observation. 

Proposition 8.1. Let A C V^{X) be an admissible subcategory. Let P be the kernel of the left projection 
to A. Then 

HH'(^) = H'(X, A-P), HH,(^) = H*(X, A*P). 

Proof. Indeed, let R be the kernel of the right projection onto -^A. Then we have a distinguished triangle 
R A^Ox P- On the other hand, Hom*(i?,P) = Hom'(i?,P o Sx) = by Proposition ES] and 
Corollary 13. lOi Hence we have 

Hom*(P,P) ^ Hom*(A,Ox,P) = Hom*(Ox, A^P), 
Hom'(P,Po5x) = V\om'{A^Ox.PoSx) = Hom'(Ox, A'(P o 

and it remains to note that A'(P o Sx) = A'(P p^LJx[dimX]) = A*P. □ 

In the case A = we obtain 

HH'(X) = n'{X, A-A.Ox), HH.(X) = H'(X, A*A,Ox). 

To compute the RHS explicitly one uses the Atiyah classes. Recall that the universal Atiyah class of X is 
the morphism 

At -.A^Ox^ A^Qx[l] 

corresponding to the extension 

(16) ^ ^ Oxxx/L^ ^ A^Ox ^ 0, 

where / C OxxX is the sheaf of the ideals of the diagonal (note that ///^ is the conormal bundle for the 
diagonal, so it is canonically isomorphic to A*Ox)- 

Remark 8.2. Considering A^Ox and A*r2x[l] as kernels, we see that the universal Atiyah class induces 
a morphism of kernel functors ^a,Ox ~^ ^AMxl^- Evaluating it on an object E € 2?*(X) we obtain a 
map At£; : E ^ E ® r2x[l] which is known as the Atiyah class of E. Note that At^; is functorial with 
respect to E. Note also that for a trivial vector bundle E = Ox the Atiyah class At^^ is zero. Indeed 
to check this one should take the pushforward to X of the sequence (I16p and to check that it splits 
(a splitting is given by the morphism Ox —* Pi*{OxxX / L"^) corresponding by adjunction to the map 
p\Ox = OxxX ^ Oxxx/L^). 

Iterating the Atiyah class we obtain the maps 

AtP : A,Ox ^ A.^Wp], AtP : A.J^^^fn - p] ^ A,a;^[n], 

for all p. By adjunction they give maps A* A^^Ox ^Wp] and MTxl—p] A'A*Ox- 

Theorem 8.3 ( pvlall [Ma2] 1 . The maps 

A*A^Ox^^ e ^W, e ^'Tx[-p]^^A'-A.Ox 
are isomorphisms. In particular 

n n 

HH*(X) ^^H^-P{X,KPTx), HH.(X) ^^HP+\X,n\). 

p=0 p=0 

The isomorphisms of the Theorem are known as the Hochschild-Kostant-Rosenberg (HKR for short) 
isomorphisms. 
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Corollary 8.4. Let E G V^{X) be an exceptional object. Then HH,((^)) = HH'((^)) = k. 

The goal of this section is to find a generalization of this result for some admissible subcategories. 

8.1. The orthogonal to the structure sheaf. The following result applies to any Fano variety. 

Theorem 8.5. Assume that X is a smooth projective variety such that Ox is an exceptional bundle. 
Then we have 

HH.(O^) = HH.(X)/k, HH*(Oi) = ©^=o'^*"''(^. A^Tx). 

Proof. The first is evident by the Additivity Theorem and Proposition l8.4[ So we have to check the second. 
By Proposition 18 . 1 1 we have to compute A'P, where P is the kernel of the left projection onto O^. Since 
the kernel of the right projection onto {Ox) is given by the sheaf Ox Ox £ T>^{X x X), we conclude 
that we have a distinguished triangle 

Ox^Ox^ A*Ox ^ P 
Applying the functor A' and taking into account Theorem 18.31 we obtain the triangle 

<^x^[-ri] ^ © APTx[-p] ^ a'p. 

p=0 

Since the HKR isomorphism is given by the universal Atiyah class, and the Atiyah class of Ox is trivial, 
it follows that the first map in the above triangle is an isomorphism onto the n-th summand. Thus 
A'p ^ ^plQ hPTx [-p] and we are done. □ 

8.2. The orthogonal to an exceptional pair. Now assume that there is an exceptional vector bundle 
ii^ on AT right orthogonal to Ox, that is G ^x- Then the same argument can be applied once again. 
Before stating the result we introduce some notation. 

Let V = ^'{X.E^y and let E^ be the left mutation of E"^ through Ox shifted by -1. By Theo- 
rem [2]9] we have the following distinguished triangles 

E^ ^V'^ (^Ox ^ E"^ , E ®Ox ^ E^"^ . 

Recall that by functoriality of the Atiyah class we have a commutative diagram 

.. E ^ V ®Ox 

OLE 



At 



E 



® nx — - E (g) nx[i] — - V (g) nx[i] 

But Aty^Ox ~ (^^^ Remark 18. 2|) . so it follows that the Atiyah class At^; factors as a composition 
E E^"^ (giflx ^ E^ftxil] for some as G Horn {E, E-^"^ (g) fix) = Hom{E^ (g> E,nx) (see the proof of 
Theorem 18.81 for a more invariant construction of q^;). 

Remark 8.6. If E"^ is a globally generated vector rank r bundle without higher cohomology then there is a 
map (j) : X ^ Gr(r, V) such that E is the pullback of the tautological bundle. Then E-^ (g iiJ = 4'*^Qr(^r,v) 
and the map oe coincides with dcj) : (l)*^Qr{r,v) ~^ ^x- 

Combining oe with the powers of the Atiyah class of E we obtain a collection of maps 

E^ (g E ^E-^ g) S (g n'j^^[i - 1] ^nx i^x ii - 1] ^^xii - M 

which we denote by a^^. Further, let 7V^ denote the cone of the map oe '■ E-^ g) £' — > Q,x shifted by —1, 
so that we have a distinguished triangle 

Af^ ^ E^ ^E ^Qx- 

The composition of with the map Af^ —>■ E-^ g) £^ is a map Af^ — > ^xi"^ ~ M which we denote by i/^. 
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Remark 8.7. If E is the pullback of the tautological bundle via a map (j) : X ^ Gr(r, V) and is a closed 
embedding then Af^ is the conormal bundle. 



Theorem 8.8. The Hochschild homology of the category {E, Ox)'^ is given by the formula 

fHHt(X), ift^O 
"\HHo(X)/k2, tft = 

For the Hochschild cohomology we have the following results: 
(i) there is an exact sequence 

n-l 



p=0 



H*-P{X,APTx)^ HH\{E,Ox)^)^ H^'''+^{X,E^0E( 



n-l 



X 



where a = X]p=o "^e ^ ^ • <Si E (g) lo-^ 
(ii) there is an exact sequence 



) UJ 



X 



APT: 



X, 



n-2 



e H'-p{x,APTx) ^ y^y^\{E,Ox) 

where v = YJ^Zl ^l'^'" ■ ® ^x' 



jp=U ' • ■ • ^ - A - X 

{Hi) if E is a line bundle then = and 



p=0 



n-2 



H^+^-P{X,APTx] 



X 



e H'+^-P{X,APTx) 



p=0 



X 



APTx; 



HH\{E,Ox) 



n-2 

e - 

p=0 



~ H^-P{X,APTx) e H^-''-^\X,J\f)^/^^^ 



I to 



X 



Proof. The first is evident by additivity theorem. So we have to check the second. Let Pi be the kernel 
of the left projection onto Oj^ and P2 be the kernel of the left projection onto {E,Ox)^- We have a 
distinguished triangle Ox ^ Ox —>■ ^*Ox Pi- On the other hand, the object E M E'^ is the kernel of 
the right projection onto {E). Taking the convolution of the above triangle with the canonical morphism 
E M E"^ A* Ox we obtain a commutative diagram 

Em{V"^ Ox) ^ EME"^ ^ E m E^[l] 



Ox K Ox A,Ox ^'i 



(indeed, it is easy to see that {E M E"^) o {Ox ^ Ox) = EM (F^ ® Ox) by Lemma [321 and the induced 
map E M {V^^ ®Ox) ^ EME"^ \s the canonical map V'^ ® Ox E'^ tensored with E, hence the third 
vertex of the upper line is EME-^). So, it follows that EME-^ = {EME"^) oP^, hence the corresponding 
kernel functor is the composition of the left projection onto Oj^ and the right projection onto (E). Hence 
the cone of the map E M E-^[l] — > Pi is the kernel of the left projection onto {E,Ox)'^, which is P2- 
Thus the right vertical map extends to a distinguished triangle 

EmE-^[l] ^ Pi ^ P2. 

By Proposition 18. II we have to compute A'P2. Applying the functor A' to the above diagram we obtain 

V"^ ^ E (S)uj^^[-n] ^ E (g) E"^ (g)uj^^[-n] ^ E (g) E-^ lOx^[1 - n] 



X 



-n\ 



'p=0 



APTx[-p] 



-^n—l 



APTx[-p\ 



Here the middle vertical arrow is the sum of the Atiyah classes of E. By the commutativity of the 
diagram the right arrow gives their factorizations a^. This proves part {i) of the Theorem. Part {ii) 
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follows immediately by definition of A^"^ and v. Finally, for {Hi) we note that if is a line bundle then 
At^^ € -fr*~^(X, ri^^), hence we have a commutative diagram 



OLE 



nx 



as 



The map by definition is the composition of the maps in the diagram. But the composition in the 
upper line is zero by the definition of A/"^. Hence i^'^ = and we are done. □ 



8.3. Fano threefolds of index 2. Now we are going to apply these results to Fano threefolds. In the 
following Theorem we remind the classification of Fano threefolds of index 2 (see e.g. |IP| for details) and 
compute the Hochschild cohomology of the nontrivial component of their derived categories. 

Theorem 8.9. Let X = he a Fano threefold of index 2 with P\cX = 7L and the degree d, so that 
{Ox{—^)tOx) is an exceptional pair. Let Ax = (Cx(— 1), C'x)"'" be the orthogonal subcategory. 

• if d = 5 and X C Gr(2, W), dim = 5, is the zero locus of a regular section of a vector bundle 
C'Gr(2,W)(l); dim ^ = 3, corresponding to an embedding A — > A^T^^, then 



k, ifp = 0, 

5l{A)^k^, ifp = l, 
0, ifp^OA. 



if d = 4 and X C IP(l^), diml/ = 6, is the zero locus of a regular section of a vector bundle 
A^ Op(v')(2), dimy4 = 2, corresponding to an embedding A S'^V'^ , then 



HHP(^x) 



k, ifp = 0, 

A^k\ ifp = l, 

S'^A^k^, ifp = 2, 

0, tfp^0A,2. 



• if d = 3 and X C IP(l^); diniF = 5 is a cubic hypersurface then 

k, ifp = 0, 

mP{Ax) = I S^V^/qKV) ^ kio, ifp = 2, 
0, i/p/0,2. 

v 

• ifd=2 and X IP(l^)? dimF = 4, is the double covering ramified in a quartic surface, then 



HHP(^x) 



k, ifp = 0, 

S^1^v/0l(F) e k ^ k20, ifp = 2, 

k, ifp = 4:, 

[0, tfp^ 0,2 A. 
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if d = 1 and X C P(l, 1,1,2, 3) is a degree 6 hypersurface in the weighted projective space, then 

k, ifp = 0, 

k^^ek^k^s, ifp = 2, 

^^k^ek^k^ ifp = 4:, 

0, tfp^ 0,2,4. 



Proof By Theorem EH we should compute H'{X,Ox), H'{X,Tx) and H' {X , M'^ {2)) . We will use a 
case-by-case analysis. 

The case d = b. It is easy to see that A/"^ = W/lA{—2), where U is the restriction to X of the 
tautological bundle on Gr{2,W). So, 7V^(2) ^ M^/Zi and it is easy to compute H'[X,W/U) ^ W. On 
the other hand, it is well known that H*{X,Ox) = k and H'{X,Tx) = 5o{A^,q), where q G S'^A is 
contained in the kernel of the natural map S'^A S'^(A^M^^) — > A'^VF^ = W induced by the embedding 
A A^Ty^. Applying exact sequence of Theorem EBJii) we obtain HH°(^x) = K HH^°'^(^x) = and 
an exact triple 

^50(A^,g) ^ m\A) ^0. 
Finally, it is easy to see that this sequence can be identified with the sequence 

^ A^A ^{A® A)/{q) ^Q, 
and that an isomorphism q : A"^ — > A identifies its middle term with 5{{A). 

Remark 8.10. An alternative computation of HH*(^x) can be given by an explicit description of Ax- 
Indeed, it is well known (see jOlj ) that {U{—l),U^{—l),Ox{—^),Ox) is a full exceptional collection on 
X = X^, hence Ax = (JA{—'\-),U^[—l)) is equivalent to the derived category of a quiver with 2 vertices 
and the space of arrows A. 

The case d = A. It is evident that AA^ ^ A®Ox{-2). So, AA^(2) ^ A®Ox and H'{X,A®Ox) = A. 
On the other hand, it is well known that H'{X, Ox) = k and H'{X,Tx) = {A^ (S'^V'^ /A))/5l{V)[-l]. 
Moreover, one can show that the later space is just ^^^[-l]. Indeed, we have a canonical map 

Q[{A) m sl{V) ^ Ql{A)^ 

where the first arrow is the differential of the determinant (with respect to V) and the second map is 
the differential of the covariant of s[(^). It is a straightforward computation that the map is surjective, 
hence it is an isomorphism. Now we apply part (Hi) of Theorem 18.81 and obtain the result. 

Remark 8.11. An alternative computation of HH*(^x) can be given by an explicit description of Ax- 
Indeed, it is known (see |B01l [K3]) that Ax — V'^{C), where ip : C ^ F{A) is the double covering 
ramified in the points of P(^) corresponding to degenerate quadrics in the pencil A C S'^V'^ (thus C 
is a curve of genus 2). We have V*C'c = O^a) © C'p{A)(-3), ^p*Tc = Op(A)(-l) © C'p(^)(-4), and 
Theorem 18.31 applies. 

The case d = 3. It is evident that AA^ ^ Ox{-3)- So, M"^{2) ^ C'x(-l) and H'{X,Ox{-l)) = 0. 
On the other hand, it is well known that H*{X, Ox) = k and H'{X,Tx) = {S^V^)/q{{V)[-1]. Now we 
apply part {Hi) of Theorem 18.81 and obtain the result. 

The case d = 5. We have an exact sequence 

where i : D ^ X \s the ramification divisor of the double covering and Afn/x is the normal bundle. 
Thus A/"^ = i*-f^D/x[~^]- Further, the map (p o i : D ^ F(y) is an isomorphism of D with the quartic 
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hypersurface in F{V) (which by an abuse of notation we also denote by D) and Md/x g^ts identified with 
Cd(-2). Thus H'{X,M'^{2)) = H'{D,Od[-1]) = k[-l] k[-3]. On the other hand, it is well known 
that H*{X, Ox) = k and H*{X,Tx) = iS^V'^)/Ql{V)[-l]. Now we apply part {in) of Theorem ESI and 
obtain the result. 

The case d = 5. The sheaf Qx is the middle cohomology of a complex 

^ Oxi-6) ^ Oxi-3) e Oxi-2) © Ox(-l)®' ^ Ox ^ 0, 

while for E-^ ® E we have a resolution 

O^E^(g)E^ Ox(-l)®^ ^Ox^O, 

and the map a^; is given by the natural embedding of complexes. Therefore we have a distinguished 
triangle 

AA^ ^ Ox(-6) ^ Ox(-3) ffi Ox(-2). 

Twisting it by C'x(2) and computing the cohomology we obtain H*{X,N'^ {2)) = k[-l] © (5^k^ © k)[-3]. 
On the other hand, it is well known that H*{X,Ox) = k and H*(X,Tx) = k'^^[— 1]. Now we apply 
part (in) of Theorem 18.81 and obtain the result. □ 

8.4. Conic bundles. Another case we consider is the case of a conic bundle. Recall that a conic bundle 
is a flat projective morphism f : X ^ Y each fiber of which is isomorphic (as a scheme) to a conic 
(possibly degenerate) in P^. Each conic bundle can be embedded into a projectivization p : Fy{E) E 
of some rank 3 vector bundle E on Y (e.g. E = (/*w^/y)^) and can be represented as a zero locus of 
a global section of a line bundle p*L Opy(£;)/y(2) on X for an appropriate line bundle L on Y. This 
global section can be thought as a section of the vector bundle L (gi S'^E* on Y, and so gives a morphism 
E ^ L E* . The zero locus D of the determinant det E ^ (i^ det E* of this map is the discriminant 
locus of / : X — 5- y. For any point y £ Y \ D the fiber Xy is a smooth conic, while for y € D the fiber 
Xy is degenerate conic (either a union of two lines, or a double line). Moreover, it is well known that if 
both X and Y are smooth then the nonreduced fivers of / correspond to singular points of D. Below we 
assume that D is smooth and so all singular fibers are the unions of two distinct lines. In this case there 
is an embedding j : D ^ X each point y £ D goes to the singular point of the fiber Xy (the intersection 
point of the corresponding two lines). Moreover, in this case the Stein factorization of f~^{D) D gives 
a nonramified double covering D ^ D. Let M S P\c^{D) be the corresponding point of order 2. 

For any conic bundle f : X ^ Y the pullback functor /* : V\Y) V\X) is fully faithful and gives rise 
to a semiorthogonal decomposition V^{X) = {Ax, TCD^iY))). Actually, Ax = V''{Y,Bo), the derived 
category of sheaves of modules over the sheaf of even parts of the Clifford algebras of conies (see |K3| for 
further details). In the following Theorem we compute the Hochschild homology and cohomology of the 
category Ax- 

Theorem 8.12. Let f : X ^ Y be a conic bundle. Let i : D ^ Y be the discriminant locus of f. 
Assume that X, Y , and D are smooth, dimX = n. Then 

(n-2 
HP+\D,%(^M) 

Further, the Hochschild cohomology of Ax is isomorphic to the cohomology of polyvector fields on Y 
tangent to D. More precisely, 

n 

HH*(^x) = ^H'-P{Y, Ker(APry ^ i^iXP^^To ® Nd/y)))- 

p=0 
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Proof. Consider the natural map Tx — > /*7V (the differential of /). Note that its kernel Tx/y is a 
reflexive sheaf of rank 1, hence an invertible sheaf. On the other hand, its cokernel is supported at j{D). 
An easy computation shows that actually we have an exact sequence 

(17) ^ uj^]y ^Tx^ fTy ^ jMn/Y ^ 0. 

Dualizing it and taking into account an isomorphism j*ujY/x = M we obtain an exact sequence 

(18) ^ rriy -^flx^ OJx/Y ^ j*M ^ 0. 
Taking the p-th exterior powers we obtain exact sequences 

^ riAP-'Ty) u;-)y ^ APTx ^ nA^Ty) ^ M^^-'Td ®Md/y) ^ 0, 

^ uox/y ® r^^Y^ ^ 3*{^^D^ ® M) ^ 0. 

Taking the pushforward to Y we obtain an exact sequence 

(19) ^ AP~^Ty ® M^x}y) ^ MAPTx) ^ APTy ^ u{AP-^Td ® Md/y) ^ 
as well as 

(20) = ^Y^ ^ i*{^^D^ ® M) ^ ^ ^y'^ 0- 

Moreover, it is easy to see that the sequence in (f20]l splits. Now we can use these sequences to compute 
the Hochschild homology and cohomology of Ax- 

For this we note that the right projection onto T)''{Y) embedded into 'D^{X) via /* is given by the 
kernel functor with the kernel being n^OxxyXi where ^ : X xy X ^ X x X is the natural embedding 
(this follows from the base-change). Hence the kernel P of the left projection functor onto Ax is given 
by the following distinguished triangle 

(21) f^*OxxyX ^ A,Ox ^ P. 
Note also that n^OxxyX = (/ x /)*A*C'y, hence 

AV.OxxyX = A*(/ X /)*A,Oy ^ r A*A,Oy. 
So, applying to (j21|) the functor A* and using Theorem 18.31 we obtain the following triangle 

(22) epo^ m'y [p] - ©^=0^^^ N - A*P, 

with the left map being the direct sum of morphisms /*riy — ri^. After the pushforward each of 
them goes to the isomorphism of (j20p . Hence 

f,A*p ^ ®;^,R^f,np,\p - 1]) ^ ®;=,{n^Y~' © ' ® m))[p - 1]. 

Taking the hyper cohomology we obtain the required formula for HH,(^x)- 

On the other hand, note that A'P = A*P ^ LO^^[—n], hence from (j22p we obtain 

©;=o^x ^ r^ylP - ^] ^ ®p=o^x © - n] ^ A^P. 

Moreover, we have 



UJ 



^^nP^[p-n]^ A"-Prx - n] , ojx^ ® [p - n] ^ a;^)^ ^ /* A^-^-^Ty - n] , 



hence the above triangle can be rewritten as 

®;z'o^x]y ^ fA^'-'Tyi-p] ^ APTx[-p] - A'P 
Taking the pushforward and using (|19|) we obtain an isomorphism 

f,A'-P ^ Ker(APry ^ uiAP-^To Md/y))- 
Taking the hyper cohomology we obtain the required formula for HH*(^x)- D 
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9. The Nonvanishing Conjecture 



We close the paper with the following Nonvanishing Conjecture. In this Section we assume that X is 
a smooth projective variety. 

Conjecture 9.1. If A C T)^{X) is an admissible subcategory and HH,(^) = then ^ = 0. 

This conjecture has several very pleasant corollaries. 

Corollary 9.2. If Ai,... ,An C V^{X) is a semiorthogonal collection of admissible subcategories such 
that e^^iHH.(A) = HH,(X) then V^{X) = {Ai, ...,A n) is a semiorthogonal decomposition. 

Proof. Take A = {Ai, . . . , An)'^- Then A is admissible and V^^X) = {A, Ai, . . . , An) is a semiorthogonal 
decomposition. Further, since the Hochschild homology of X is the direct sum of the Hochschild homology 
of the components Ai, . . . , An, we conclude that HH(^) = 0, hence ^ = by the Conjecture. □ 

Corollary 9.3. Let X be an algebraic variety such that all integer cohomology classes are algebraic. Let 
n = dimQ)(//*(X, Q)). Assume that Ei, . . . ,En is an exceptional collection in T)^{X). Then it is full, so 
that V^{X) = {Ei,...,En) is a semiorthogonal decomposition. 

Proof Note that HH,(X) ^ H'{X,k) ^ H'{X,Q) «)q k ^ k" by the HKR isomorphism. On the other 
hand, ©f^]^HH,((£^j)) = ©f^^k = k". Hence the assumptions of the previous Corollary are satisfied, so 
we conclude that the collection is full. □ 

Another important consequence of the Nonvanishing Conjecture is the following 

Corollary 9.4. Any increasing sequence A\ C A2 C . . . of admissible subcategories ofD^{X) stabilizes. 

Proof. From the sequence of subcategories we obtain an increasing sequence HH,(^i) C HH,(^2) C ... of 
vector subspaces in the Hochschild homology HH,(X). Since HH,(X) is finite dimensional, this sequence 
stabilizes, hence HH,(>li) = HH,(^i+i) for i ^ 0. On the other hand, we have a semiorthogonal 
decomposition = {Ai, ai), where = ^Ai fl Ai+i is an admissible subcategory in It follows 

that HH,(ai) = for i 3> 0, hence Oj = by the Nonvanishing Conjecture. Thus Ai+i = Ai for i » 0. □ 



References 

[B] A. Bondal, Representations of associative algebras and coherent sheaves, (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 

53 (1989), no. 1, 25-44; translation in Math. USSR-lzv. 34 (1990), no. 1, 23-42. 
[BKl] A. Bondal, M. Kapranov, Representable functors, Serre functors, and reconstructions, (Russian) Izv. Akad. Nauk 

SSSR Ser. Mat. 53 (1989), no. 6, 1183-1205, 1337; translation in Math. USSR-lzv. 35 (1990), no. 3, 519-541. 
[BK2] A. Bondal, M. Kapranov, Framed triangulated categories, (Russian) Mat. Sb. 181 (1990), no. 5, 669-683; translation 

in Math. USSR-Sb. 70 (1991), no. 1, 93-107. 
[BOl] A. Bondal, D. Orlov, Semiorthogonal decomposition for algebraic varieties, preprint math. AG / 9506012 1 



[B02] A. Bondal, D. Orlov, Derived categories of coherent sheaves. Proceedings of the International Congress of Mathe- 
maticians, Vol. II (Beijing, 2002), 47-56, Higher Ed. Press, Beijing, 2002. 

[BV] A. Bondal, M. Van den Bergh, Generators and representability of functors in commutative and noncommutative 
geometry, Mosc. Math. J. 3 (2003), no. 1, 1-36, 258. 

[IP] V. Iskovskikh, Yu. Prokhorov, Fano varieties. Algebraic geometry, V, 1-247, Encyclopaedia Math. Sci., 47, Springer, 
Berlin, 1999. 

[KSch] Kashiwara M., Schapira P., Categories and sheaves, Grundlehren der Mathematischen Wissenschaften [Fundamental 

Principles of Mathematical Sciences], 332. Springer- Verlag, Berlin, 2006. 
[Kel] B. Keller, Deriving DG categories, Ann. Sclent. Ec. Norm. Sup. 27 (1994), 63-102. 

[Ke2] B. Keller, Invariance and localization for cyclic homology of DG algebras, J. Pure Appl. Algebra 123 (1998), no. 1-3, 
223-273. 

[Ke3] B. Keller, On the cyclic homology of ringed spaces and schemes, Doc. Math. 3 (1998), 231-259 (electronic). 

29 



[Ke4] B. Keller, Hochschild cohomology and derived Picard groups, (English summary) J. Pure Appl. Algebra 190 (2004), 
no. 1-3, 177-196. 

[Ke5] B. Keller, On differential graded categories, International Congress of Mathematicians. Vol. II, 151-190, Eur. Math. 

Soc, Zurich, 2006. 

[Kl] A. Kuznetsov, Hyperplane sections and derived categories, Izvestiya RAN: Ser. Mat. 70:3 p. 23-128 (in Russian); 

translation in Izvestiya: Mathematics 70:3 p. 447-547. 
[K2] A. Kuznetsov, Homological projective duality, Publications Mathematiquos do L'lHES, 105, n. 1 (2007), 157-220. 
[K3] A. Kuznetsov, Derived categories of quadric fibrations and intersections of quadrics. Advances in Mathematics, V. 218 

(2008) , N. 5, 1340-1369. 

[K4] A. Kuznetsov, Base change for semiorthogonal decompositions, preprint math. AG/0711. 1734. 

[L] J.-L. Loday, Cyclic homology, a survey. Geometric and algebraic topology, 281-303, Banach Center Publ., 18, PWN, 
Warsaw, 1986. 

[Mai] N. Markarian, Poincare-Birkoff-Witt isomorphism, Hochshild homology and Riemann-Roch theorem, preprint 
MPIM2001-52. 

[Ma2] N. Markarian, The Atiyah class, Hochschild cohomology and the Riemann-Roch theorem, J. London Math. Soc. 79 

(2009) 129-143. 

[Ol] D. Orlov, Exceptional set of vector bundles on the variety V5, Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1991, no. 5, 
69-71 (in Russian); translation in Moscow Univ. Math. Bull. 46 (1991), no. 5, 48-50. 

[02] D. Orlov, Derived categories of coherent sheaves and equivalences between them, Uspokhi Mat. Nauk 58 (2003), no. 
3(351), 89-172 (in Russian); translation in Russian Math. Surveys 58 (2003), no. 3, 511-591. 

[S] R. Swan, Hochschild cohomology of quasi-projective schemes, J. Pure Appl. Algebra 110:1 (1996), 57-80. 

[T] B. Toen, The hornotopy theory of dg -categories and derived Morita theory. Invent. Math. 167 (2007), no. 3, 615-667. 

[W] C. Wcibcl, Cyclic homology for schemes, Proc. Amor. Math. Soc. 124 (1996), no. 6, 1655-1662. 

Algebra Section, Steklov Mathematical Institute, 8 Gubkin str., Moscow 119991 Russia 
The Poncelet Laboratory, Independent University of Moscow 
E-mail address: akuznet@mi.ras.ru 



30 



